Abstract. We prove the existence of defective secant varieties of three-factor and four-factor Segre-Veronese varieties embedded in certain multi-degree. These defective secant varieties were previously unknown and are of importance in the classification of defective secant varieties of Segre-Veronese varieties with three or more factors.
Introduction
Let X be a non-degenerate projective variety in projective space P N and let p 1 , . . . , p s be linearly independent points of X. Then the (s − 1)-plane p 1 , . . . , p s spanned by p 1 , . . . , p s is called a secant (s − 1)-plane to X. The Zariski closure of the union of all secant (s − 1)-planes to X is called the s th secant variety of X and denoted by σ s (X). A basic question about secant varieties is to find their dimensions. A simple dimension count indicates dim σ s (X) ≤ min{s(dim X + 1) − 1, N }.
If equality holds, we say that σ s (X) has the expected dimension. Otherwise σ s (X) is said to be defective.
In 1995, Alexander and Hirschowitz [4] finished classifying all the defective secant varieties of Veronese varieties. This work completed the Waring-type problem for polynomials, which had remained unsolved for some time. There are corresponding conjecturally complete lists of defective secant varieties for Segre varieties (see [2] ) and for Grassmann varieties (see [8, 5] ). Very recently, the defectivity of two-factor Segre-Veronese varieties was systematically studied in [1] , where we suggested that secant varieties of two-factor Segre-Veronese varieties are not defective modulo a fully described list of exceptions. However, the secant defectivity of more general Segre-Veronese varieties is still less well-understood.
In this paper we explore higher secant varieties of Segre-Veronese varieties with three or more factors. Let n = (n 0 , . . . , n k−1 ) be a k-tuple of positive integers and let X n,d be the Segre-Veronese variety k−1 i=0 P ni embedded in multidegree d = (d 0 , . . . , d k−1 ). In [1] , we generalized the so-called méthode d'Horace différentielle, which was first introduced in [3] by Alexander and Hirschowitz for studying secant varieties of Veronese varieties, to Segre-Veronese varieties. This differential Horace method allows one to check whether σ s (X n,d ) has the expected dimension by induction on n and d. In order to apply the Horace method, one needs initial cases regarding either dimensions or degrees. It is therefore vital to classify defective secant varieties of Segre-Veronese varieties embedded in lower multi-degree 2010 Mathematics Subject Classification. 14M99, 15A69, 15A72. The first author is partly supported by NSF grant DMS-0901816.
including (1, . . . , 1, d). A significant step toward the completion of such a classification problem is to detect previously unknown defective cases. The main purpose of this paper is to show that certain three-factor and four-factor Segre-Veronese varieties X n,d with d = (1, . . . , 1, d), d ≥ 2, have defective secant varieties, most of which were not known before. It is worth noting that some of these defective cases have already been discovered by Catalisano, Geramita and Gimigliano in [7] and also by Carlini and Catalisano [6] . The examples discussed in this paper can thus be naturally viewed as an extension of their results.
The idea of the proof is to find a non-singular rational subvariety C s−1 of X n,d passing through s generic points of X n,d . The existence of such a subvariety provides an upper bound of dim σ s (X n,d ); namely,
where C s−1 is the linear span of C s−1 . We will then show that if k ∈ {3, 4}, there are infinitely many (n, s) such that the right hand side of the above inequality is strictly smaller than
This establishes the defectivity of surprisingly many σ s (X n,d ).
Preliminaries
For a given non-negative integer k, let x be an ordered list of k integers. We write x[i] for the i th element of x for every i ∈ {0, . . . , k − 1}. We sometimes write
. This is useful if the number of elements in x is not specified. For a non-empty subset {i 0 , . . . , i a−1 } of {0, . . . , k − 1},
We also write x [i 0 , . . . , i a−1 ] for x [{i 0 , . . . , i a−1 }]. Thus x[i] also means the oneelement list consisting of the i th element of x. Let i be a non-negative integer and let a be a positive integer with i < k − a. Then
For two ordered lists of k integers x and y, we say that x ≥ y if x[i] ≥ y[i] for every i ∈ {0, . . . , k − 1} and we denote by x − y the difference of two vectors.
Define a function N :
and a function D :
Let K denote an algebraically closed field of characteristic 0 and let V be an (n + 1)-dimensional vector space over K with basis {e 0 , . . . , e n }. Then we denote by - A partially symmetric tensor t ∈
for some u i ∈ V i . We say that t has rank s if t can be written as a linear combination of s rank-one partially symmetric tensors, but not fewer. In other words, t has rank s if it lies in the linear span of s linearly independent rank one partially symmetric tensors in
This induces the embedding of 
is the set of non-zero rank-one partially symmetric tensors. Recall that a secant (s − 1)-plane to X n,d is the linear span of s linearly independent points in X n,d . By definition, it is clear that points which lie in a secant (s − 1)-plane to X n,d correspond to rank-s partially symmetric tensors in
) can be viewed as the projectivization of the closure of the set of partially symmetric tensors of rank at most s.
In order to check the defectivity of σ s (X n,d ), we need to determine whether the equality
holds. To find the dimension of σ s (X n,d ), it is sufficient to compute the dimension of the tangent space T q [σ s (X n,d )] to σ s (X n,d ) at a generic point q. To do so, it is useful to use the following classical theorem called Terracini's lemma: Theorem 2.1 (Terracini's Lemma). Let p 1 , . . . , p s be generic points of X n,d and let q be a generic point q of p 1 , . . . , p s . Then
Taking the derivative of this parametric curve at ε = 0 proves that the affine cone over the tangent space to X n,d at p = u
, construct the matrix representing T pi (X n,d ), stack these matrices and then compute the rank of the resulting matrix. If the rank of this matrix is equal to min{s(D(n)+ 1), N (n, d)}, then we can conclude that σ s (X n,d ) has the expected dimension by semi-continuity.
Remark 2.3. For simplicity, we write P n for the multi-projective space
) is equivalent to the condition that H intersects X n,d in the first infinitesimal neighborhood of p, the elements of H 0 I p 2 (d) can be viewed as hyperplanes containing T p (X n,d ), where p 2 denotes the double point supported at p. Let Z be a collection of s double points on P n and let I Z be its ideal sheaf. Terracini's lemma implies that dim σ s (X n,d ) equals to the value of the Hilbert function h P n (Z, ·) of Z at d, i.e.,
To prove that σ s (X n,d ) has the expected dimension is equivalent to prove that 
For each i ∈ Z 2 , let Γ i (ϕ) be the corresponding contraction by ϕ:
Note that if rank ϕ = 1, then rank Γ i (ϕ) = 1. Thus if ϕ has rank s, then the rank of Γ i (ϕ) is less than or equal to s. By definition, Γ 0 (ϕ) = Γ 1 (ϕ)
Hence if ϕ is sufficiently general and if
then A i has dimension s.
For each i ∈ Z 2 , we define C i,s−1 as
If ϕ is sufficiently general and if
then C i,s−1 is a non-degenerate, non-singular variety of dimension
Let us define
for each i ∈ Z 2 . Then we obtain the inequalities (3.1) and 
. Then we have proved that π i is onto. The fiber of this map is
and so it has dimension dim V *
Consider now the fiber product of C 0,s−1 and C 1,s−1 over PV k−1 :
For simplicity, we write
, the tensor product of x and y, which lies in
. Since the fiber of the projection from C s−1
The smoothness of C s−1 follows immediately from the construction and the smoothness of the C i,s−1 's. We have therefore completed the proof.
By the definitions of the e i 's, for any j ∈ Λ \ {k − 1}, there is a unique pair of index (i, a) such that j = Λ i [a]. Let Φ be the map Φ : i∈Z2 j∈Λi
We write F (n, e 0 , e 1 ) for
Theorem 3.2. Suppose that Inequalities (3.2) and (3.3) are satisfied. Then
Proof. We keep the same notation as in the proof of Proposition 3.1. By construction, C s−1 is contained in the linear subspace
Thus it follows from Terracini's lemma and Proposition 3.1 that the dimension of
which completes the proof.
As an immediate consequence, we obtain the following corollary:
Corollary 3.3. Suppose that Conditions (3.2) and (3.3) are satisfied and that
Remark 3.4. It is straightforward to verify that the following equality holds for any n, d, e 0 , e 1 and s:
Hence if (3.3) holds, then N (n, d)−1−F (n, e 0 , e 1 ) > 0 by (3.6) . From Corollary 3.3 it follows therefore that if n, d, e 0 , e 1 and s satisfy (3.2) and (3.3) and if
Example 3.5. For an arbitrary positive integer a with a ≥ 2, consider the following two cases:
In each of these cases, let e 0 = (1, 0, 1) and e 1 = (0, 1, 1). It is immediate to check that (3.2), (3.3) and (3.7) hold. Hence, by Remark 3.4, we can conclude that σ s (X n,d ) is defective. Note that the defective cases listed above were first discovered by Catalisano, Geramita and Gimigliano (see [7] for more details). Proof. By Corollary 3.3 and Remark 3.4, it is sufficient to show that
To do so, we will prove the following equality:
Then the conclusion follows immediately from (3.2). By (3.6) one can easily obtain
We thus need to show
If n = (n, n + a, 1), d = (1, 1, d ), e 0 = (1, 0, d − e) and e 1 = (0, 1, e), then
and
= (n + 1)(d − e + 1)(n + a + 1) + (n + a + 1)(e + 1)(n + 1) −(n + 1)(n + a + 1) − (n + 1)(n + a + 1)(d + 1) = 0.
So the desired equality holds, and hence we completed the proof.
In order to find explicit examples of defective secant varieties by applying Theorem 3.6, one has to solve, for given d ≥ 2 and 1 ≤ e ≤ d − 1, the system of inequalities (3.2) and (3.3) for a and s. Below we will discuss two simpler cases. Example 3.7. For given n, d ∈ N, let a ∈ {0, . . . , ⌈n/d⌉ − 1}, let n = (n, n + a, 1) and let d = (1, 1, 2d) . Consider e 0 = (1, 0, d) and e 1 = (0, 1, d). Then Λ 0 = {0, 2} and Λ 1 = {1, 2}, and we obtain
For a given k ∈ {1, . . . , n − ad}, let s = (n + a + 1)d + k. Then s clearly satisfies Condition (3.2). Moreover since
3) is also satisfied. Therefore, it follows from Theorem 3.6 that σ s (X n,d ) is defective.
Example 3.8. Let a be a non-negative integer. For given n, d ∈ N, let n = (n, n + a, 1) and let d = (1, 1, 2d + 1) . Consider e 0 = (1, 0, d + 1) and e 1 = (0, 1, d). Then Λ 0 = {0, 2} and Λ 1 = {1, 2}, and we obtain
Now consider the following two cases: (i) a ∈ {0, . . . , ⌊(n + 1)/d⌋} and (ii) a ∈ {⌊(n + 1)/d⌋ + 1, . . . , ⌊2n/d⌋}.
(i) Let a ∈ {0, . . . , ⌊(n + 1)/d⌋}. Then
For a given k ∈ {1, . . . , min{n + 1, a(d + 1)} − 1}, let s = (n + 1)(d + 1) + k. Then s clearly satisfies Condition (3.2). Moreover since
then Inequalities (3.3) are also satisfied. Thus the defectivity of σ s (X n,d ) follows from Theorem 3.6.
(ii) Let a ∈ {⌊(n + 1)/d⌋ + 1, . . . , ⌊2n/d⌋}. Then There are infinitely many defective secant varieties of Segre-Veronese varieties with four factors, which we describe below. 
